The fitness of ageing cast iron pipe is a problem for both clean water and wastewater networks. Whilst considerable effort has been put into understanding the condition of cast iron mains that carry potable water, wastewater systems have received less attention. Compared with clean water mains, wastewater trunk sewers typically have thinner walls, are often of lesser casting quality, and typically are exposed to a harsher and more complex internal and external environment. It has been established that corrosion is a leading cause of deterioration in cast iron mains. Research has shown that when predicting residual load capacity in clean water main, a loss-of-section approach is not applicable when dealing with corrosion pitting, which is more discrete and notch-like. This research examines the use of both loss-of-section and fracture mechanics models to provide a failure envelope for a ring from a pipe under combined vertical loading and internal pressure. Internal corrosion, defect size, and morphology of this corrosion have a significant effect on the residual strength of the pipe. The failure envelope predicted is rather different to that previously reported for clean water mains, which is not unexpected given the differences in component geometry and operational conditions.
Introduction
The removal of wastewater from urban areas is an unglamorous but essential activity for society. Indeed, each day the trunk sewer networks of London convey over four billion litres of wastewater to treatment works [1] . To move this volume by lorry would require of the order of one hundred thousand tankers (of the largest 43,000 L capacity size), which would place an unsustainable burden on the highway network. They represent critical infrastructure, which if they were to fail in service may have significant consequences (e.g. flooding and pollution), with higher socio-economic costs compared to the failure of clean water mains. While several papers have been published on the residual strength of clean water pipes, there are few in respect of waste water.
The network has served London with great success for more than 150 years, but concerns have been raised about the remaining longevity. This has been exacerbated by work undertaken to remodel the urban environment, e.g. a project to provide better access to the London 2012 Olympic Park [2] , although it should be noted that in this instance the structural engineering models failed to take into account the unusual characteristics of cast iron [3] . Previous work [4] [5] [6] [7] on assets of a similar age in the potable water network, have shown that they are deteriorating, and whilst a significant rehabilitation programme is required, it is possible to target intervention. However, any widespread replacement campaign to refurbish the waste water net work would be made more difficult, and consequently expensive, due to the extent and complexities of the network which includes integral part of railways, roads/bridges, and buildings. Asset management in this context is focused on, a mechanical performance ranking strategy to target replacement of deteriorated parts of the network to help prioritise critical work needed.
A range of materials are found in the construction of wastewater networks. Unlike the clean water network, cast iron is used relatively infrequently. The sewers of Bazalgette, built in the late 1850s and still in use today, were primarily brick but cast iron was used in situations where the sewage needed to be conveyed across roads, railways, and rivers, or if the flow needed to be pumped. As with cast iron used for clean water, wastewater pipes are susceptible to both internal and external corrosion, and in both cases, local conditions can have a significant effect on the rate of corrosion.
Previous research has developed models that were used to predict the failure envelope of a pipe ring affected by external corrosion pits [4, 5] . However, in the wastewater network a number of important parameters vary: a different set of forces are in play; the geometry of these pipes is different; wall thicknesses are generally thinner here; and the conditions affecting corrosion are different, both internally and externally. Further, whilst internal corrosion is frequently negligible in clean water trunk mains it is usually much more significant for sewage pipes. As a result, it is necessary to revise the model to take these differences into account.
It is also worth noting that cast iron was used in different ways in different parts of the network: on the one hand there are cast pipes, which anecdotally are considered to be of poorer quality and on the other there are main that consist of cast plates that are bolted together. The pipes were used in situations where they might be buried in the same manner as clean water pipes; and in others where they are open to the air, albeit in an enclosed, humid environment. The main formed from plates were only used above ground, but again are usually enclosed in a humid environment.
Again, there is little work dealing with wastewater networks, but the literature relating to clean water points to corrosion seeming to be the most significant cause of deterioration (particularly when compared with fatigue) [6] . Research into the corrosion of cast iron water main has shown that it is: a) more pervasive than previously supposed; b) present in different conformations; and c) can lead to more than one failure mechanism [7] . The corrosion conformation can take the form of a relatively uniform layer on the pipe surface, or as series of "pits" that penetrate through the wall thickness. When predicting the residual strength capacity of a degraded pipe, a loss-of-section approach is not applicable when dealing with pitting that is discrete and notch like [4, 5, 8] . Fracture mechanics (FM) or finite element analysis (FEA) approaches would give a reasonable bound, however FEA may be expensive or difficult to implement for non-ductile material. It may also not generally economically viable except for explicit locations, because the conditions can change over short distances. This is further exacerbated by the lower economic value of sewage or water when compared to other situations such as for oil and gas.
The fracture of historic and aged cast iron, is typically associated with brittle fracture across the section with little local yielding or plastic deformation. Thus, the failure of cast iron assets is dictated by its strength in terms of fracture, whereas the failure of ductile iron is governed by the yield strength and plastic behaviour of the metal [8] . Trunk (large diameter) pipes are generally rigid structures that tend to resist circumferential failure, but are known to fracture longitudinally whilst the smaller diameter lateral mains typically fracture circumferentially [4, 9, 10] . This is because the small diameter pipes respond primarily to soil differential loading and temperature differences through longitudinal stresses, whilst large diameter pipes mainly fracture longitudinally due to hoop stresses. This is due to their large moment of inertia that resists beam bending. Fig. 1 illustrates a typical trunk sewers longitudinal fracture.
The aim of the present work, which is part of a larger study of deterioration mechanisms of in-service cast iron [4] [5] [6] [7] ; is to develop fracture mechanics and loss-of-section methodologies, to take into account key parameters in wastewater sewer networks, to accurately predict the mechanical performance of in-service deteriorated large diameter cast iron trunk sewers. These typically have diameters between 12" and 13' (around 300 mm and 4000 mm).
Following this introduction, the next section describes the loadings and responses of corroded cast iron pipes. After this, the flexural resis tance capacity of a pipe ring elements is presented, sub-divided into: (i) use of loss-of-section models to predict failure propensity, (ii) use of detailed fracture mechanics models to predict failure propensity, and (iii) vertical external loading structural analysis. The paper finishes with some concluding remarks: useful calculations are included as appendices.
The structural behaviour of corroded cast iron trunk pipes
As previously mentioned, defects affecting cast iron pipes can lead to more than one failure mechanisms. This is usually dictated by the inherent graphitic microstructure and the presence of defects [4, 5] . Examples include casting defects and in-service corrosion. Defects introduced ab initio, such as porosity, can act in combination with other defects, such as corrosion, to concentrate the stress and cause pipe failure. However, it is not until a critical defect size is reached in-service, that catastrophic pipe failure is likely to occur [6, 12, 13] . This value can take several stress cycles or years to reach. Prediction of this value is critical in determining the residual mechanical performance ranking.
Structurally, cast iron trunk pipes, especially of a uniform circumferential thickness (undamaged) can be represented by Schlick's empirical failure criterion [11] . This defines large diameter pipes experiencing resistance in the in-plane direction as a rigid structural component under combined internal pressure, p, and an external load, w, as governed by parabolic interaction curves and can be expressed as: (1) where W f is the external load necessary to cause failure in the absence of internal pressure, and P f is the internal pressure necessary to cause failure in the absence of external loading.
The Schlick failure criterion has been used in several failure methodologies concerning cast iron pipes [8, 14] : most recently Fahimi et al. [4] explored the methodologies proposed by Jesson et al. [5] and Rajani & Abdel-Akher [8] for the purpose of comparing a residual strength model, that is developed based on a fracture mechanics approach, to one that is based on the traditional loss-of-section approach.
As part of the current study, the methodology proposed by Fahimi et al. [4] is taken further for the purpose of comparing predicted failure strength as results of different graphitisation pits morphologies, located internally and externally. This begins with revision to the existing loss-of-section and fracture mechanics approaches to take account of internal corrosion pits. After this, the failure strength of a ring element, with different graphitisation pit defect morphologies, is examined using both approaches. The resultant failure strength is subsequently used to establish failure boundaries.
Flexural resistance capacity of a ring element

Loss of section of a ring element
The loss of section approach determines the maximum flexural resistance capacity that can be mobilised by a pipe ring with a uniform reduced cross sectional area. A pipe "ring element" here is defined as a cross section of negligible length and small width across the pipe wall thickness at any point along the ring (Fig. 2) . Typically, elements around the ring, when considered in plane, are subjected to a combination of forces, creating hoop stresses tangential to the ring, and bending moment. The flexural strength of a ring element is therefore defined by any combination of force and bending moment that corresponds to failure conditions for that element. In the context of a clean water pipe there are a plethora of factors that contribute to this list, for the most part because these assets tend to be buried. For cast iron waste water pipes, there are two situations to be considered: rising mains can be considered as being subjected to the same forces as clean water pipes, although in some instances the magnitude is different. For example, the internal pressure of pumped sewage mains, is smaller than that of potable water mains. The situation for pipes crossing rivers and infrastructure is perhaps a little simpler, because the asset will be in free air. However, factors arising from the self-weight of the asset, the weight of the contents, and the connection to the brick sewer all have an impact on the overall stresses observed. These can be combined and be presented in the form of flexural strength capacity of a uniformly corroded pipe ring element. Jesson et al. [5] proposed a model based on t experimental observations of the effect of external corrosion: the model is based upon the ratio of the uniform layer lost, a, and the original wall thickness, d. It assumed a stiffness of 80 GPa and a yield strength of 160 MPa for cast iron as an upper boundary. The nominal yield stress in tension is followed by plastic deformation until fracture at a strain of 0.3%. In compression the material is assumed to behave elastically over the same range of strain. In the current work, this model is revised to account for uniform internal corrosion ( Fig. 2 ; rather than the external corrosion addressed in Ref. [5] ), and a cast iron with relatively higher strength (220 MPa compared with the 160 MPa of [5] , for cast iron pipes with graphitisation of 4 mm or less). All necessary derivations are presented in Appendix A. A tensile yield strength (σ t ) of 220 MPa is assigned to cast iron pipe with little graphitisation. The final equation is presented in Eq. (2), where "a" is sum of the external and internal graphitised thickness and "d" is the pipe original wall thickness.
(2) Table 1 illustrates the predicted critical graphitisation pit defects obtained using eq. (2). These are the limit, above which the working stress is considered inadmissible. A 25 mm wall thickness from 762 mm diameter, ring element that is subjected to equivalent combined force and bending stress is assumed. Typical working stresses of 90 MPa, 40 MPa and 30 MPa [8, 15, 16] have been considered. It can be seen that a uniform defect depth "a" less than 11 mm and 17 mm can be supported at working stresses of 90 and 30 MPa respectively. Any further metal loss would result in failure. Finally, the loss-of-section model put forward by Jesson et al. [5] for potable water cast iron pipes; has been adapted and used to determine critical uniform corrosion depth of cast iron pipes in wastewater network, as illustrated in Fig. 7 . This has shown a good agreement with the published results in Ref. [5] . This is used to compare the loss-of-section and fracture mechanics approaches prediction in section 3.2. 
Furthermore, an interaction diagram between forces and bending moments based on the methodology proposed by Fahimi et al. [4] is used to show the flexural strength capacity of a pipe ring element. It is assumed that the ring element is subjected to forces and moments. Here a positive force is assumed to be one that creates tension across the element inner wall and a positive moment is considered to be one that subjects the inner wall to tension, and the outer wall to compression. The failure condition here is defined as when the tensile or compressive strain at the surface of the ring element is equal to the ultimate values of the material. Eq. (3) presents empirical expression that defines a closed form solution for a uniformly corroded thin wall pipe [17] :
Where and are the stresses due to wall resisting force and restoring bending moment respectively, whilst is the material's ultimate strength. Fig. 3 illustrates a generalised schematic of the flexural strength interaction diagram of forces. Fig. 4 numerically exemplifies the interaction diagrams of forces and bending moments for a ring element along a ring of a 30″ diameter (approximately 762 mm) cast iron pipe with original wall thickness of 25 mm and with an assumed uniform metal loss due to corrosion. As can be seen, the failure envelope shrinks, with corresponding reduction in bending and force capacity. The loss-of-section approach developed in Ref. [4] for potable water cast iron pipes; has been suitably applied to wastewater cast iron pipes. The results agreed with Fahimi et al. [4] .
Fracture mechanics analysis of a ring element
Here, a fracture mechanics approach is considered in order to determine the failure envelope of a pipe ring that is affected by corrosion pit. The approach is based on the work of Raju and Newman for a wide range of internal and external semi-elliptical surface cracks [18, 19] . This approach was adapted by Fahimi et al. [4] for clean water cast iron main affected by external corrosion. A generalised expression is presented in eq. (4) for a crack opening mode (mode I). The failure criterion is defined any combination of force and bending moment that leads to a fracture failure condition, i.e. the combined stress intensity factor (K I ) becomes equal to the fracture toughness (K IC ). An internal or external corrosion defect is simulated as a sharp longitudinal crack located anywhere around the ring (see Figs. 5 and 6 ). Therefore, a pipe containing a corrosion pit can be analysed as if it contains a surface crack.Where K I,Force , is the stress intensity factor created due to hoop force caused by an assumed tensile/compressive force (F n ) per unit length of pipe, and K I Bending , is the stress intensity created due to the corresponding bending moment per unit length of the pipe (M n ).
In this context the stress intensity (K I Force ) induced due to hoop stress, is calculated by applying a correction factor to the stress in hoop direction: (5) Where represents the stress in hoop direction and is a correction factor, given as [18] : (6) (7) where a and c are crack depth and half-length respectively; d and R are the pipe's wall thickness and internal radius respectively; θ defines the angular position of stress on the crack front, clockwise from the surface as schematically shown in Fig. 6 ; F e and F i are the boundary correction factor for an externally and internally located surface crack; and Q is the shape correction factor. The relevant equations to calculate F e , F i and Q are adapted from Refs. [4, [18] [19] [20] , and presented in.Appendix B In order to obtain the maximum value of the stress intensity factor, the value of K I Force , is taken at the deepest point of the crack (θ = π/2). A range of semi-elliptical external and internal surface cracks within 4 The stress intensity created due to bending stress (K I Bending ), is given in eq. (8): (8) where represents the stress in bending, and functions and H are defined so that the boundary-correction factor for hoop stress in eq. (5) is equal to and the boundary-correction factor for bending which is equal to the product of H and . The function H is obtained from a systematic curve-fitting procedure by using double-series polynomials in terms of a/c, a/d, and angular functions of θ adapted from Newman & Raju [19] . Further details on the derivation of H can be found in Appendix C. Fig. 7 is used to illustrate the failure stress of a ring element containing externally located longitudinal cracks, for the purpose of com paring predicted failure stress based on the fracture mechanics and loss of section approaches. A pipe ring element of 30″ (762 mm) with wall thickness of 25 mm that is affected by various cracks shapes (0.2 ≤ a/ c ≤ 1.0). In this illustration a fracture toughness of 14 MPa √m has been assumed. It can be seen that the fracture mechanics model's prediction governed the predicted failure stress envelope for most of the pits considered. Also Fig. 7 agrees with the published data in Jesson et al. [5] , which suggested the fracture mechanics approach gives sensible bound to the experimental data. It is obvious the loss of section approach is overly optimistic.
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Again, Fig. 8 is used to illustrate the influence of materials fracture toughness when comparing both approaches. Assumed fracture toughness values of 5-20 MPa √m and a crack shape (a/c = 0.6 i.e. where the fracture mechanics and loss-of-section approaches converged); are [8, 15, 16] are assumed. As can be seen, the fracture mechanics models produced conserved pit values. For example, when the material fracture toughness value is below 15 MPa √m and the pit aspect ratio is equal or smaller than 0.6 (i.e. a/c ≤ 0.6), the fracture mechanics model predicts that fracture failure is to govern the failure. But for material fracture toughness values greater than 15 MPa √m with a pit aspect ratio larger than 0.6, the ultimate tensile strength is expected to govern the failure (Fig. 8) .
On this basis, a best fit empirical expression in eq. (9) can be suggested for guidance only. (9) Furthermore, the fracture mechanics approach is numerically presented as interaction diagram to illustrate the ring capacity when subjected to forces and moments. Fig. 9 is used to illustrate this. To create this, first K I Force is calculated eq. (5), thereafter the stress intensity induced due to bending stress (K I Bending ) can be found using Eq. (4) and then, considering Eq. (8), can be calculated. The corresponding bending moment per unit length of pipe (M n ) can then be obtained from eq. (10) [21] : The fracture mechanics results in Fig. 9 , is consistent with previous work in Ref. [4] . This shall be used to generate failure envelope based on internally and externally located corrosion pits in section 3.3, for the purpose of comparing influence of internal and external cracks on the pipe mechanical performance.
Also, it is worth noting that applied external loads are not uniformly distributed around the pipe circumferentially. Examples, the maximum absolute values of bending moments are developed at the top, i.e. θ = 180°(crown), and bottom, i.e. θ = 0°(invert), of the ring cross-section, whilst, minimum absolute values of bending moments tend to occur at the springlines, i.e. θ = 90°, and θ = 270°. Because cast iron alloys are historic bimodal which is to say they perform differently in tension than in compression; t as in compression, the inherent graphite flakes tend to facilitate the transmission of the loads, resulting in cast iron's high compressive strength properties, Seica & Packer [22] . As a result, the compressive strength of grey cast iron is typically cited to be three to four times its tensile strength, Walton [23] .
Vertical external loading analysis of a thin circular ring
The predominant forces on a gravity flow pipeline are due to external loading, typically not uniformly distributed over the pipe circumference. However we can calculate the resistance capacity of a ring subjected to external load and internal pressure by estimating the failure load [4, 8, 24] . This is the minimum external load (earth and traffic loads) that causes the ring to reach its flexural strength capacity for an assumed internal pressure. Vertical external loadings are however complex to define; generally varies with burial depth, trench width, bedding, projection or slab covers. Here a two-edge vertical loading condition-i.e. concentrated point loading at top (crown) and point reaction at bottom (invert) -has been simulated to study the effects of external vertical loading on the ring as schematically shown in Fig. 10 .
As can be observed in Fig. 11 , the vertical external loading, however, the worst location around the ring for corrosion-induced defects (simulated cracks) are at the crown and invert, i.e. θ is 0°and 180°in-ner surface of the pipe. This is because, considering the structural solutions of a ring that is subjected to two-edge vertical loading (Fig. 11) , the bending moment maximum value occurs at the crown and invert of the pipe, at these points the bending moments are positive. This means maximum tension is created in the inner surface of the pipe, while the outer surface is subjected to compression. Hence, compressive load at these locations is working towards closing an externally located crack. On the other hand, at the spring-lines, the bending moment reaches its maximum negative value, i. e.the inner wall is subjected to compression and the outer surface is subjected to tension. However, the magnitude of the bending moment at the spring lines is much lower than that at the crown and invert (Fig. 11) . Fig. 12 compares the results of vertical external loading curves that are generated based on fracture mechanics due to a corrosion crack located on the inner and outer surfaces. The worst failure envelopes of both locations have been illustrated. Maximum tensile loads occurred internally at the crown (and invert) whilst reduced tensile load is experienced externally at the springlines.
The plots illustrate how the severity of corrosion defects located on the internal wall of the pipe at the crown and invert due to vertical forces (e.g. traffic and earth loads). As can be seen from Fig. 12(a-c) , that the failure envelope i.e. area under the curve known as admissible region is smaller for a similar crack located internally at the crown inner surface compares to a similar crack located eternally at the springlines. Significantly undertaking this sort of analysis supports why many of the sewage trunk pipes, typically experienced brittle fracture at the crown (and invert) locations or between the crown (or invert) and springlines. Here the corrosion defect has been simulated as a localised crack both internally and externally at various locations around the ring. It is clear however that even at the crown and invert, the stress in Illustrates structural solutions to calculate circumferential (hoop) forces and bending moments around the ring of the pipe subjected to: (a) two-edge vertical loading and (b) internal pressure. R is the mean radius of the pipe, M is the bending moment per unit pipe length, F θ is the internal force per unit pipe length, w is the applied two-edge external load per unit length of the pipe, p is the internal water pressure, θ is the angle between the vertical radius of the pipe bottom and the point around the thin circular ring at which M θ and F θ are calculated in anticlockwise direction [4, 24] . Fig. 11 . Vertical external loading calculated circumferential (hoop) stress (from combined forces and bending moments) distribution around the ring. Maximum tensile stress is induced at the crown and invert (180°and 0°) of the pipe inner surface. This is double in magnitude of the compressive stress induced at the spring-line (90°and 270°) of the pipe inner surface. This illustration has considered uncorroded pipe ring element.
tensity as a result of corrosion defect located on the inner surface is very consequential.
Concluding remarks
Previous work on cast iron from a clean water network combined loss-of-section models with fracture mechanics to determine the failure envelope of a pipe ring, and how this is affected by the presence of external surface corrosion pits of a range of sizes and conformations. Whilst internal surface corrosion was considered negligible in that context, it is a significant problem for cast iron sewage pipes, because the pipes transport sewage which, from a chemical perspective, is relatively aggressive compared to the treated water.
The current study has revised the existing model to take account of corrosion pits that occur on the internal surface in addition to external, and also to adapt the model for use with wastewater pipes, which have several different features compared to clean water trunk main.
This revised model has been shown to provide a useful assessment of the residual capacity of pipe in a sewage network, which has been demonstrated through the presentation of failure stress envelopes. These have been generated for example internal and external defects in particular locations around the circumference of a pipe. The predomi nant forces on a gravity flow pipeline are due to external loading, and would tend to induce maximum compressive stresses externally, with maximum tensile stresses internally on a ring from the pipe. As a result, the size and morphology of a corrosion defect on the internal surface can have a more significant effect on the residual strength of the pipe than a similar corrosion defect on the external surface, particularly if such a defect is located circumferentially within the pipe crown and invert.
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Fig. 12.
Combined loading curves for fracture mechanics models of externally and internally located cracks. Both models represent the worst case scenarios, i.e. the crack at crown (internally) and springlines (externally) θ = 0°/180°and 0°/270°, (a) has a corrosion defect with a depth to wall thickness ratio of 10%; (b) has a corrosion defect with a depth to wall thickness ratio of 20%; (c) has a corrosion defect with a depth to wall thickness ratio of 50%.
